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1 Introduction

Given a pair of stereo images, epipolar rectification (or simply rectification) determines a transformation of
each image plane such that pairs of conjugate epipolar lines become collinear and parallel to one of the image
axes (usually the horizontal one). The rectified images can be thought of as acquired by a new stereo rig,
obtained by rotating the original cameras. The important advantage of rectification is that computing stereo
correspondences [3] is made simpler, because search is done along the horizontal lines of the rectified images.

We assume that the stereo rig is calibrated, i.e., the cameras’ internal parameters, mutual position and
orientation are known. This assumption is not strictly necessary, but leads to a simpler technique. On the
other hand, when reconstructing 3-D shape of objects from stereo, calibration is mandatory in practice, and
can be easily achieved [2, 13].

Rectification is a classical problem of stereo vision. Ayache [1] introduced a rectification algorithm, in
which a matrix satisfying a number of constraints is hand-crafted. The distinction between necessary and
arbitrary constraints is unclear. Some authors report rectification under restrictive assumptions; for instance,
[11] assumes a very restrictive geometry (parallel vertical axes of the camera reference frames). Recently,
[6, 14, 8] have introduced algorithms which perform rectification given a weakly calibrated stereo rig, i.e., a rig
for which only points correspondences between images are given (or, equivalently, for which the fundamental
matrix could be computed).

Latest works includes [10, 9, 12]. Some of them concentrates on the issue of minimizing the rectified
image distortion. We will not address this problem, also because distortion is less severe than in the weakly
calibrated case.

This document have been adapted from [5].

2 Camera model and epipolar geometry

This section recalls briefly the mathematical background on perspective projections necessary for our pur-
poses. For more details see [4, 15].

2.1 Camera model

A pinhole camera is modeled by its optical center C and its retinal plane (or image plane) R. A 3-D point
W is projected into an image point M given by the intersection of R with the line containing C and W. The
line containing C and orthogonal to R is called the optical azis and its intersection with R is the principal
point. The distance between C and R is the focal length.

Let w = [z y 2] be the coordinates of W in the world reference frame (fixed arbitrarily) and m = [u v] "
the coordinates of M in the image plane (pixels). The mapping from 3-D coordinates to 2-D coordinates



is the perspective projection, which is represented by a linear transformation in homogeneous coordinates.
Let h = [u v 1]" and W = [z y 2 1]T be the homogeneous coordinates of M and W respectively; then the
perspective transformation is given by the matrix P:

m ~ Pw, (1)

where ~ means equal up to an arbitrary scale factor. The camera is therefore modeled by its perspective

projection matriz (henceforth PPM) P, which can be decomposed, using the QR factorization, into the
product

P=A[R | t]. (2)

The matrix A depends on the intrinsic parameters only, and has the following form:

A= 0 a, v |, (3)
0 0 1
where a,, = —fky, o, = —fk, are the focal lengths in horizontal and vertical pixels, respectively (f is the

focal length in millimeters, k, and k, are the effective number of pixels per millimeter along the u and v
axes), (ug,vp) are the coordinates of the principal point, given by the intersection of the optical axis with
the retinal plane, and 7 is the skew factor that models non-orthogonal v — v axes..

The camera position and orientation (extrinsic parameters), are encoded by the 3 x 3 rotation matrix R
and the translation vector t, representing the rigid transformation that brings the camera reference frame
onto the world reference frame.

Let us write the PPM as

2T
dz | 934

~ { qp | q14 ]
P= [ (1T q24 J = [Q|(~1] (4)

In Cartesian coordinates, the projection (1) writes
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(5)

The focal plane is the plane parallel to the retinal plane that contains the optical center C. The coordinates
c of C are given by

c=-Q'a. (6)
Therefore P can be written:
P =[Q| - Qc]. (7)

The optical ray associated to an image point M is the line M C, i.e. the set of 3-D points {w : m ~ f’v~v}.
Its parametric equation in Cartesian coordinates writes:

w=c+AQ ', AeR (8)

2.2 Epipolar geometry

Let us consider a stereo rig composed by two pinhole cameras (Fig. 1). Let C; and C, be the optical centers
of the left and right cameras respectively. A 3-D point W is projected onto both image planes, to points My



R>

Figure 1: Epipolar geometry.

and My, which constitute a conjugate pair. Given a point M; in the left image plane, its conjugate point in
the right image is constrained to lie on a line called the epipolar line (of My). Since M; may be the projection
of an arbitrary point on its optical ray, the epipolar line is the projection through C, of the optical ray of
M;. All the epipolar lines in one image plane pass through a common point (E; and E, respectively) called
the epipole, which is the projection of the optical center of the other camera.

When C; is in the focal plane of the right camera, the right epipole is at infinity, and the epipolar lines
form a bundle of parallel lines in the right image. A very special case is when both epipoles are at infinity,
that happens when the line C;C, (the baseline) is contained in both focal planes, i.e., the retinal planes are
parallel to the baseline. Epipolar lines, then, form a bundle of parallel lines in both images. Any pair of
images can be transformed so that epipolar lines are parallel and horizontal in each image. This procedure
is called rectification.

3 Rectification of camera matrices

We assume that the stereo rig is calibrated, i.e., the PPMs P, and P, are known. The idea behind
rectification is to define two new PPMs f’nl and f’n2 obtained by rotating the old ones around their optical
centers until focal planes becomes coplanar, thereby containing the baseline. This ensures that epipoles are
at infinity, hence epipolar lines are parallel. To have horizontal epipolar lines, the baseline must be parallel
to the new X axis of both cameras. In addition, to have a proper rectification, conjugate points must have
the same vertical coordinate. This is obtained by requiring that the new cameras have the same intrinsic
parameters. Note that, being the focal length the same, retinal planes are coplanar too, as in Figure 2.

In summary: positions (i.e, optical centers) of the new PPMs are the same as the old cameras, whereas
the new orientation (the same for both cameras) differs from the old ones by suitable rotations; intrinsic
parameters are the same for both cameras. Therefore, the two resulting PPMs will differ only in their optical
centers, and they can be thought as a single camera translated along the X axis of its reference system.



Figure 2: Rectified cameras. Retinal planes are coplanar and parallel to the baseline.

Let us write the new PPMs in terms of their factorization. From (2) and (7):
P..=A[R|-Rci], P.o=A[R|-Rec) (9)

The intrinsic parameters matrix A is the same for both PPMs, and can be chosen arbitrarily (see MATLAB

code). The optical centers ¢; and c» are given by the old optical centers, computed with (6). The matrix R,

which gives the camera’s pose, is the same for both PPMs. It will be specified by means of its row vectors

rf

R=|r; (10)
T

r's

that are the X, Y, and Z axes, respectively, of the camera reference frame, expressed in world coordinates.
According to the previous comments, we take:

1. The new X axis parallel to the baseline: ry = (¢; — ¢2)/||c1 — ca]
2. The new Y axis orthogonal to X (mandatory) and to k: ro =k Ay
3. The new Z axis orthogonal to XY (mandatory) : r3 =r; Ars

In point 2, k is an arbitrary unit vector, that fixes the position of the new Y axis in the plane orthogonal
to X. We take it equal to the Z unit vector of the old left matrix, thereby constraining the new Y axis to be
orthogonal to both the new X and the old left Z.

This algorithm fails when the optical axis is parallel to the baseline, i.e., when there is a pure forward
motion.



4 The rectifying transformation

In order to rectify — let’s say — the left image, we need to compute the transformation mapping the image
plane of P,; = [Qo1]@01] onto the image plane of Pp; = [Qp1|@ni1]- It is useful to think of an image as the
intersection of the image plane with the cone of rays between points in 3D space and the optical centre. We
are moving the image plane while leaving fixed the cone of rays. We will see that the sought transformation
is the collinearity (linear transformatiopn of the projective plane) given by the 3 x 3 matrix T; = Q1 Qo_ll.
The same result applies to the right image.

For any 3-D point w we can write

(11)

b s

{ Ii101 ~ lEjol
Iilnl ~ Pnl
According to (8), the equations of the optical rays are the following (since rectification does not move the
optical center):

w=c; +2Q;'m,; XeR (12)
w=c + )\anlllrhnl A ER;

hence
ﬁlnl = AinQ(;lrhM AER (13)

(note that A absorbes the arbitrary scale factor, hence we use =).

The transformation T, is then applied to the original left image to produce the rectified image, as in
Figure 3. Note that the pixels (integer-coordinate positions) of the rectified image correspond, in general,
to non-integer positions on the original image plane. Therefore, the gray levels of the rectified image are
computed by bilinear interpolation.

Reconstruction of 3-D points by triangulation can be performed from the rectified images directly, using
Pn1,Pn2.

5 Summary of the rectification algorithm

Given the high diffusion of stereo in research and applications, we have endeavored to make our algorithm
as easily reproducible and usable as possible. To this purpose, we give the working MATLAB code of the
algorithm; the code is simple and compact (22 lines), and the comments enclosed make it understandable
without knowledge of MATLAB. The usage of the rectify function (see MATLAB code) is the following:

e Given a stereo pair of images I1,I2 and PPMs Po1,Po2 (obtained by calibration);
e compute [T1,T2,Pn1,Pn2] = rectify(Pol,Po2);
e rectify images by applying T1 and T2.

function [A,R,t] = art(P)
% ART: factorize a PPM as P=Ax*[R;t]

Q = inv(P(1:3, 1:3));
[U,B] = qr(Q);

R = inv(U);
t = BxP(1:3,4);
A = inv(B);
A=A ./A(3,3);



function [T1,T2,Pnl1,Pn2] = rectify(Pol,Po2)
% RECTIFY: compute rectification matrices

% factorize old PPMs
[A1,R1,t1] = art(Pol);
[A2,R2,t2] = art(Po2);

% optical centers (unchanged)
cl = - inv(Po1(:,1:3))*Po1(:,4);
c2 = - inv(Po2(:,1:3))*Po2(:,4);

% new x axis (= direction of the baseline)
vl = (c1-c2);

% new y axes (orthogonal to new x and old z)
v2 = cross(R1(3,:)’,vl);

% new z axes (orthogonal to baseline and y)
v3 = cross(vl,v2);

% new extrinsic parameters

R = [v1’/norm(vl)
v2’ /norm(v2)
v3’/norm(v3)];

% translation is left unchanged

% new intrinsic parameters (arbitrary)
A = (A1l + A2)./2;
A(1,2)=0; % no skew

% new projection matrices
Pnl = A * [R -R*cl ];
Pn2 = A x [R -Rxc2 ];

% rectifying image transformation
Tl = Pn1(1:3,1:3)* inv(Po1(1:3,1:3));
T2 Pn2(1:3,1:3)* inv(Po2(1:3,1:3));

The MATLAB anc C implementation of the algorithm can be found on line.

6 Experiments

For this experiments we used calibrated stereo pairs from INRIA-Syntim. We show the results obtained
with a nearly rectified stereo rig (Figure 3) and with a more general stereo geometry (Figure 4). The pixel
coordinates of the rectified images are not constrained to lie in any special part of the image plane, and
an arbitrary translation were applied to both images to bring them in a suitable region of the plane, by
changing the image center. Then the output images were cropped to the size of the input images.

For example, In the case of the “Sport” stereo pair (image size 768 x 576), we started from the following
camera matrices:

9.765-10°  5.382:10'  —2.398.10%> 3.875-10°
P, = | 9.849-10'  9.333-10% 1.574-10>  2.428-10°
5.790-10~' 1.108-10~* 8.077-107! 1.118-103



9.767-10>  5.376-10'1  —2.400-10% 4.003-10*
P, = | 9.868-10'  9.310-10>  1.567-10> 2.517-10°
5.766-10"1  1.141-10~* 8.089-107! 1.174-103

After adding the statement A(1,3) = A(1,3) + 160
to the rectify program, to keep the rectified image in the center of the 768 x 576 window, we obtained the
following rectified camera matrices:

[1.043-10%  7.452.100 —2.585-102 4.124-10°]
P,; = | 1.165-10> 9.338-10> 1.410-10> 2.388-10°
6.855-10~"  1.139-10~'  7.190-10~' 1.102-10% |

[ 1.043-10°  7.452.10'  —2.585:10> 4.069-10%]
P, = | 1.165-10>  9.338-102 1.410-10*>  2.388-10°
6.855-107 1 1.139-107* 7.190-107' 1.102-10%

Left image Right image

Rectified left image Rectified right image

Figure 3: “Sport” stereo pair (top) and rectified pair (bottom). The right pictures plot the epipolar lines
corresponding to the points marked in the left pictures.



Left image Right image

Rectified left image Rectified right image

Figure 4: “Color” stereo pair (top) and rectified pair (bottom). The right pictures plot the epipolar lines
corresponding to the points marked in the left pictures.
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